EXTRINSIC EIGENVALUE ESTIMATES OF THE DIRAC OPERATOR 
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Abstract. For a compact spin manifold M isometrically embedded into Euclidean 
space, we derive the extrinsic estimates from above and below for eigenvalues of the 
Dirac operators, which depend on the second fundamental form of the embedding. Wc 
also show the bounds of the ratio of the eigenvalues. 



1. INTRODUCTION 



The Laplacian operator and the Dirac operator are fundamental differential operators. 
The estimates of their eigenvalues are important in geometry, analysis and physics. Let 
Q C M n be the bounded domain of R n . Consider the eigenvalue problem of the Laplacian 

An = £u in f2, 

(1.1) 

u\ dn = 0, K J 

where A is the positive Laplacian in R™. It is well known that this problem has a real 
and purely discrete spectrum 

< 6 < 6 < & > co- 
in 1956, using the technique of test-function, Payne, Polya and Weinberger [H] proved, 

A: 

nk 

In 1991, Yang [151 El E] obtained very sharp inequality, that is, he derived 



-&<^ 1> (1-2) 

i=l 



4, 



- 6) tew - ( x + -)&) ^ °- (°) 

i=l 

From the inequality (1.3), we can obtain 



k n' 

i=l 



The inequalities (1.3) and (1.4) are called Yang's first inequality and second inequality, 
respectively. For the above inequalities, we have the following relations 

(1.3) =► (1.4) =► (1.2). 
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For the details, we refer to (j2j[3]) by M.S.Ashbaugh. When M is an n-dimensional com- 
pact manifold, there are the similar results about the eigenvalue estimates for the Lapla- 
cian (see, e.g.[T2"l [7]). 

It is quite interesting to study the analogous estimates for the Dirac operator. Let M 
be a compact connected n-dimension Riemannian manifold isometrically embedded into 
Euclidean space WL N for some N. Estimates from above for the eigenvalues of the Dirac 
operator can be attained in various ways(see e.g.[U SI El El E] ) . In 1991, N.Anhgel [1] 
obtained the analogous estimate of (1.2) for the Dirac operator. In the present paper, by 
constructing suitable test spinors and considering the corresponding Rayleigh quotients 
we obtain Yang-type inequalities in term of the geometric data of Riemannian manifold. 
Moreover, we obtain the lower bounds of eigenvalues for the square of the Dirac operator. 
Finally, as an application of theorem 4-1 i n [H]> a combination of Theorem 3.4 with 
Theorem 4-2 yields the bounds of the ratio jiifc+i/ where m — Aj + \suph 2 , {Aj}i<j<oo 

M 

are the eigenvalues for the square of the Dirac operator. 



2. Preliminaries 

Let M be an n-dimensional compact Riemannian manifold and let x = (x 1 , ■ ■ ■ ,x N ) : 
M > M. N be an isometric embedding of M in M. N . For a fixed point x G M and an 
orthonomal basis {e^, e a } with tangent to M and e Q normal to M for 1 < i < n, n + 1 < 
a < n. Then we have the structure equation 

dx = ofei, u a = 0, 

de l = ujej + u?e a , uf = h°u j , (2.1) 
de a = Lo 3 a ej + u^ep, 

where hfj is components of the second fundamental form, u % j is the connection form, lo@ 
is the normal connection form. 
One can infer that, pointwise on M 

N 

|gradx p | 2 = n. (2.2) 

p=i 

Let dx = XiU)\ comparing the first line of (2.1), we have Xi = e,. From the structure 
equation (2.1), we have 

XijUji = dxi — XjUi{ 
= dei — u)\ ej 
= + wfe a - ujfej 
= h^e a uj ] . 

Therefore 

Ax = - Ke« = -H. (2.3) 
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where H = hffia is the mean curvature vector field of M, A is the positive Lapla- 
cian. We denote by H = ^|H| the mean curvature function. Since the ambient space is 
Euclidean space, we have 

S = n 2 H 2 - h 2 (2.4) 
where h 2 = J2i j a (^?j) 2 y $ * s the scalar curvature of M. 

Now we review the following basic facts in [T3| or in [9]. Let $ be a Dirac bundle over 
the Riemannian manifold M. This means that $ is a bundle of left modules over Cl(M) 
together with a Riemannian metric and connection on $ having the following properties: 

• < eoi, cr 2 > + < 0i, ea 2 >= 0, 

• V(ipcr) = Vy?0 + y?Vcr, 

for 0i,0 2 ,0 G r($), tp G T(Cl(M)),e G T(TM), where CZ(M) is the Clifford bundle over 
M, the covariant derivative on $ also denote by V. 

The Dirac operator is a first order elliptic differential operator D : T($) — ► r($), which 
is locally given by 

D = £?=i e 4 V,. 
For / G C°°(M) and G T(^), we get 

J D(/0)=grad(/)0 + / J D0 (2.5) 

D 2 (/0) = A(/)0 - 2V grad(/) + /D 2 0, (2.6) 

where A is the positive scalar Laplacian. For the Dirac operator D, one has the gen- 
eral Bochner identity 

D 2 = V*V + % (2.7) 
where 91 is the curvature morphism acting on Dirac bundle $, which is given by 

7£ ei! e; = [Vi, Vj] - V[ ei , ej ]. 

There exist two basic cases of the Dirac bundles: 

• The Clifford bundle Cl(M). The Dirac operator in this case is a square root of 
the classical Hodge Laplacian. 

• The spinor bundles. Suppose M is spin manifold with the spin structure on its 
tangent bundle. Let S be any spinor bundle associated to tangent bundle. Then 
S carries a canonical Riemannian connection. In this case, D is the classical 
Dirac operator (also Atiyah-Singer operator) and = \S, where S is the scalar 
curvature of M. 
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3. UPPER BOUNDS 



It is well known that the Dirac operator D of any Dirac bundle is self-adjoint and elliptic 
on the compact manifold. Therefore, D 2 has a discrete spectrum contained in M numbered 
like 

< Ai < A 2 < ■ ■ ■ / oo. 

and one can find an orthonormal basis {y^'jjeN of L 2 {$) consisting of eigenfunctions of D 2 
(i.e.D 2 ipj = \j(Pj,j £ N). Such a system {A.,-; <fij}jeN is called a spectral decomposition 
of L 2 {$) generated by D 2 , or, in short, a spectral resolution of D 2 . In the following, we 
want to estimate the eigenvalue \k+i in terms of the previous ones, Ai, A 2 , • ■ ■ , A&, their 
eigenspinors tpi, ■ ■ ■ , tfk, the immersion x, and the curvature term !>K. 

In the present paper, we denote (•,•) = 3ft J A/ <■,■> on Dirac bundle $. 

Theorem 3.1. Let M be a compact Riemannian manifold of dimension n and x = 
(x 1 , • • • , x N ) : M — > W N be an isometric embedding with mean curvature function H . Let 
D be the Dirac operator of any Dirac bundle $ over M and let {A.,-; y^jjjeN be a spectral 
resolution of D 2 . Then 

k 4 ^ / 1 \ 

^(Afc+i-A,) 2 < -^(Afc+i-Ai) (A, + -(n 2 (H 2 <pi,tpi) - 4(9^,^)) ) (3-1) 

j=l i=l ^ ' 

Moreover, if (JKipi, <fi) > R for some R £ R, denoting r/i = Aj + ^n 2 supH 2 — R, then we 

M 

have the following Yang-type inequality 

k 4 
J>k+i - m) (vk+i " (1 + -H) < 0. (3.2) 

i=l 

Proof. Since {A.,-; v^jjjGN is a spectral resolution of D 2 , J < (fii, ipj >= 5ij implies (<fi, <pj) = 
5ij, for V 2, j £ N. Letting g = x p , 1 < p < N and for 1 < i, j < k, we take 

' a ij = (gfufj), 

k 

< i/>i = 9<Pi-'52aij<Pj, (3.3) 

i=l 

k K = (<fi, l&g<Pj - v grad(ff) ^). 

Then one can infer a^ = aji, (ipi, tpj) = 0, for j = 1, • • • , k. 
According to Green's formula and (2.6), we infer 

\aij = (gD 2 ipi, ifj) 
= ( l fi,D 2 (gip j )) 

= (<p u Agipj - 2V grad(9) <^ + gD 2 ipj) 

= Xjttij + 2((pi, -Agipj - V grad(9) ^) 
= Xjttij + 2bij. 
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Hence, we get 

2bij = (Aj — \j)o>ij = —2bji. 
From (2.6) and (3.3), one immediately has 

k 

D 2 ipi = Ag^pi - 2V grad(9) </?i + Xigifi - ^ A//,,^,. 

3=1 



(3.4) 



Therefore 



{D 2 tl) h fa) = (Agtpi - 2V grad(9) v2i + Xigifi - ^ x i":ir.j- 



From the Rayleigh quotient, one gets 



3=1 
2 



(3.5) 



A fc+ i < 



By (3.5), (3.6) can be written as 



(A fc +i - A 4 )||^|| 2 < (Agtpi - 2V grad(9) ^ i ,'0i). 



(3.6) 



(3.7) 



3=1 



But (2.6) yields 

k 

{Agipi - 2V grad(s) ^i, ipi) = (Agipi - 2V grad(g) </?i, g(p t ) - ^ a tj {D 2 (g^i) - gD 2 ^, ipj) 

3=1 
k 

= (Agifi - 2V grad(9) ^,^^) + - Aj)a?.. 

Therefore, we obtain 

(AM-i-AOIMI 2 
From Schwarz inequality and (3.7), we obtain 
(Afc+i - \) \&9<Pi - 2V grad( 9 )V^ ^ 



< (Agifi - 2V grad(s) v? i ,^i) + ^(A; - A^aJ. 

i=i 



(3.1 



2 



Agifi - 2V grad(ff) ^ + 2 b i3<P3> fa 



3=1 



< 



(Afe+i - Ai)||^i|| 2 ||A^ - 2V grad(9) ^ + 2^6 y ^|| : 



(3.9) 



< 



3=1 



Ag^ - 2V grad{9) ^, ^pij \\Agifi - 2V grad(ff) <^ + 2 ^ %^|| 2 . 
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2 al 



E - 2V grad{g)^ + 2 E 6 ^f 



(3.10) 



Multiplying (3.9) by (Afc+i — K) and taking sum on i from 1 to k, we have 

k k 

^(A fc+ i - Xj) 2 \ Ag(pi - W g-Qd^ifi, g(fi) + ^( Ai ~ x j)( x ^+i ~ A 

i=l M=l 

k k 

< E^ Afc+1 ~~ A *)H A #^ - 2V grad( 9 )^. + 2 XX'^H 2 - 
i=i j=i 

From the Eq. (2.4) in pQ, we have 

(&9<Pi - 2V grad^i* 9<Pi) = J |grad^| 2 |^| 2 . (3.11) 
Therefore (2.2) and (3.11) yield 

W k k 

£ X^ Afc+1 _ Ai ) 2 ( A #^ ~~ 2V grad( 9 )^' S'^i) = " X^ Afc+1 ~ A *) 2 ' ( 3 ' 12 ) 

p=l i=l i=l 

In order to complete the proof of theorem, we need the following Lemma: 
Lemma 3.2. With the above notations, then 

N k 



(3.13) 



Proof. By the Lemma 2.9 in [T], a straightforward computation yields 

N k 

E H A ^< ~ 2V grad( 9 )^ + 2 E 6 w^ll 2 
p=i j=i 

N N k N k 

= \\*m ~ 2 V gra d (9) V i || 2 + 4EE 6 I + 4 EE ^ " 2V grad( 9 )^ <Pj) 

p=i p=i j=i p=i j=i 

N k N k 

= n 2 {H 2 <fi, (ft) + 4A, - 4(9%, ^) + 8 ^ ^ 6^ + 4 ^ E 6 I 

p =i j=i p =i j=i 

N k 

= n 2 (H 2 cp h <pi) + 4\i - 4(9%, ipi) - Yl h l' 

p=l j=l 

□ 



From (3.10), (3.12) and (3.13), one gets 

k N k 

n^(A fc+1 - Xi) 2 +J2Y,^ ~ A J')( A fc+i - A *) 2 4 

i=l p=l i,j 

k 

< J](A fc+1 - Xi) [n\H 2 ^ tpi) - 4(9^, ^ (3.14) 
i=i 

k N k 

+ 4 ]T(A fe+1 - \i)\i - 4 ( A *+* - X ^r 

1=1 p=l i,j=l 

From the relation (3.4), one can infer 
^(A,-A J )(A fc+1 -A l ) 2 aJ = _^( Afe+1 -A 4 )(A 4 -A J ) 2 aJ = -4 £ (A fc+1 - A,)6j. (3.15) 

Finally, we obtain 

n ^(A fc+ i - \i) 2 < ^(A fc+ i - Xi) [n 2 (H 2 (fi, (p^) - 4(9fy>j, V 9 * 

i=l i=l 

+ 4^(A fc+1 -A,)A l . 



i=l 



□ 



Remark 3.1. Theorem 3.1 improve Theorem 3.1 in PQ, that is, 

A fe+ i - A fe < £ ^(FVi, ¥><) + -r A, - -r ^2(M<Pi, (Pi)- 



k z — ' n/c ^— ' n/e 

i=l j=l i=l 



From the Theorem 3.1, we also obtain Yang's second inequality. 
Corollary 3.3. Under the same assumptions in Theorem 3.1, then one has 



4, 1 



»?*-i< (! + -)£!>■ (3-16) 



i=l 



From (2.4) and Theorem 3.1, we immediately deduce 

Theorem 3.4. Let M be an n- dimensional compact Riemannian spin manifold and x : 
M — > M. N be isometrically embedded into Mr. Let (Aj,y2j)j e N be the spectral resolution 
of the square of the Dirac operator D, i.e. D 2 pi = XiPi. Order the eigenvalues in an 
increasing sequence 

< Ai < A 2 < ■ • • / oo. 
Then one gets the Yang's first inequality 

k / 4 \ 

(pk+i - jUiJ ( jUfc+i - (l + -JfM J < (3.17) 
i=i ^ n j 



and the Yang's second inequality 



Vk+i < ( 1 + - ) f > >, (3.18) 



7 t=i 



where fa = Aj + |(n 2 supi/ 2 — inf S 1 ), iJ, 5 are £/ie mean curvature function and scalar 
curvature of M respectively. 

Remark 3.2. From (3.18), one can deduce the Theorem 3.7 in pQ. That is, one can infer 

a k 

4 x - 

/i fc+ i - fi k < — 2_^fa. 

i=l 

If the isometric embedding M —> S JV ~ 1 (1) —> WL N is the minimal embedding into the 
Euclidean unit sphere S N ~ 1 C ~R N , then the coordinate functions the 
eigenf unctions of the Laplacian with the eigenvalue n, and H = — ^(x 1 ,^ 2 , ■ • • ,x N ) and 
the mean curvature function H = 1. Thus in the case of minimally embeded submanifolds 
into Euclidean spheres, one gets Yang-type inequalities 

Corollary 3.5. Let M be a compact Riemannian spin manifold of dimension n and 

x = (x 1 ,--- ,x N ) : M A S Af_1 (l) — > M. N be the minimal embedding into the Euclidean 
unit sphere S 1 ^" 1 C M. N . Let D be the Dirac operator of spinor bundle $ over M and let 
{Xj; (pj}jein be a spectral resolution of D 2 . Then one gets Yang's first inequality 

k , 4 \ 

( u k+i - "i) ( Vk+i - (l + -) Vi ) < (3.19) 



i=l 

and Yang's second inequality 



4\ 1 ^ 

' i=l 



v k+ i< \ i+-) T y^ ( 3 - 2 °) 



where u,i = \ + \{n 2 — miS), S is scalar curvature of M. 

4. LOWER BOUNDS 

In this section, we'll show lower bounds of the eigenvalues for the Dirac operator. 
Theorem 4.1. Under the same assumptions and the notations as Theorem 3.1, one gets 



J2(Vi+i ~ Vi) < (4-1) 



i=l 



Proof. Since {A.,-; <fj}j e ^ is a spectral resolution of D 2 , J < (fii, ipj >= 5ij implies (<fi, <pj) = 

5ij, for V i,j E 7L. First define the matrix B = ( (x p ipi, y? g +i) ) . From the QR- 

factorization theorem, one gets R = QB, where Q = {Q p q ) is an orthogonal N x N matrix 
and R is real upper triangular matrix. That is, 

(<7*Vi, fr+i) = (G^Vi, fr+i) = Q P q (x q ipt, if r+1 ) =0, for 1 < r < p < N. (4.2) 
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where g p = Q p q x q . Second define the test spinors 

^ p = g p <p 1 -(jg p (p l7 ( Pl )<p 1 . (4.3) 

Then 

(%,<Pr+i) = 0, forO<r<p. 
On one hand, from Rayleigh quotient, we have 

One the other hand, from (2.6), one gets 

D 2 m p = Ag p (fi - 2V grad(9P) (^i + Xi(g p cpi, (px). (4.5) 
Therefore, (4.4) can be written as 

(A p+1 - AOH^f < (A<7*Vi " 2V grad(9P) ^i,* P ). (4.6) 
From Schwarz inequality, we obtain 

(A^Vi - 2V grad(ffP) ^, < H^fHA^Vi - 2V giad(gP)Vl \\ 2 - (4-7) 
Multiplying (4.7) by (\ p +i — Ai) and then by (4.6), one gets 

(A p+ i - Ax)(A^Vi - 2V grad( 9 f)^i' ^p) 2 

< (A p+1 - AOH^lHlA^Vi - 2V grad(sP) ^|| 2 

< (A#V - 2V grad(ffP) pi, * P )||A^i " 2 Vg ra d (5 P)^il| 2 - 

That is, 

(A p+1 - Ai)(A^ - 2V gradsP ^ 1 , * p ) < ||A^Vi - 2V grad(s3)) H| 2 . (4-8) 
By Lemma 2.9 in [1] and by the definition of g p , we have 



N 



II A^i - 2V grad(9P) ^ 1 || 2 = 4Ai + n 2 (H 2 Vl , Vl ) - 4(%> 1; (4.9) 

P =i 

From (2.4) in pQ, one obtains 
(A^ 1 -2V grad(9P)¥ »i,*p) = (A^ 1 -2V grad(ffP) ^i,^i) = (|grad(^)|Vi^i)- (4-10) 

Then we deduce 

v 

]T(A P+1 - AOdgrad^)! Vi, < 4A X + n 2 (#V, ¥>i) - 4(9Vi, (4-11) 
P =i 
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From (2.2) and Q £ O(N), one infers 



A' 



AT n 



N n N 



^|grad(^)| 2 = EE^I* = EE E WV^V, 



p=l i=l 

AT n 

E E^( v ^ 9 ' v ^ r ) 

<j,r=l i=l 
N 

E^ |grad(x p )| 2 = n. 



p=l i=l q,r=l 



Therefore, (4.11) becomes 



N 



E A p+1 (|grad(<f )| Vi, Vi) < (4 + n)A x + n 2 (#V, ^) - 4(9^1, ¥>i). (4-12) 
P =i 



Let P be a point of M. It is possible to take a coordinate system (x 1 , ■ • • , x N ) with origin 
P, x = x(P) + xA, A e 0(N) such that T P M = span{( Jt) p , • ■ • , ( Js:)p}. In fact, we 
have 



Vx^ 1 = • • • = Vx N = 0, ViX j = 8{, = 1,... ,n). (4.13) 



From (4.13) and the matrices Q, A £ O(N), one gets 



IgradQ^I^ElEjU^V, 
i=i 



8=1 

Af 

<E|^=iW 

r=l 
= 1, 



since ( Y]^_, Q p n al ) is also an orthogonal matrix. 

\ 9 1 J l<p,r<N 
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Thus we have 

N n N 



a\\2 



p=l i=l a=n+l 

n 



= ^ A m |grad(^)| 2 + X n+ i(n - ^ |grad(# l 

i=l i=l 
n n 

= A m |grad(^)| 2 + A re+1 ^(l - |grad(<f)| 2 ) (4-14) 

i=l i=l 
n n 

> A l+ i|grad(^)| 2 + E Wl " lg rad (^)| 2 ) 

2=1 1=1 

i=l 

A combination (4.12) with (4.14) yields Theorem 4.1. □ 



Obviously, Theorem 4-1 implies 

Theorem 4.2. Under the same assumptions and the notations as Theorem 3.4, then one 
gets 

n 

^(^+1 - Mi) < 4/xl (4.15) 

«=i 

Corollary 4.3. Under the same assumptions and the notations as Corollary 3.5, then 

k 

J2(v k +i - vi) < 4^i. (4.16) 

i=l 

Remark 4.1. For the eigenvalue problem (1.1), there exists the inequality [H] 

k 

E(&+i-&)<4£i 

i=i 

where is the i-st eigenvalue of the Laplacian. 

From the Theorem 3.1 in [8] , a combination Theorem 3.4 with Theorem 4-1 yields: 

Theorem 4.4. Under the same assumptions and notations as Theorem 3.4, then 
(1) for n > 41 and k > 41, 

Mfe+i < fc 2/ >i; 

(%) for any n and k, 

( a(min\n, k — lj)\ r9/ „ 
c+l < ( 1 + ^ ) ^ 2/ >l, 
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where the bound of a(m) can be formulated as: 
( a(l) < 2.64, 

] a{m) < 2.2 - 41og ( 1 + — (m -3) 



for m > 2. 



From the Corollary 2. 1 in [S] or [7] , we can deduce the simple and clear inequality 



where fa is given in Theorem 3.4- From the Lemma 1.12.6 in [ID] . (4.17) is a best possible 
estimate of /i^+i in the sense of order. 
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